In this paper we construct a special class of four dimensional axissymmetric stationary spacetimes whose Ricci scalar is constant in the Boyer-Lindquist coordinates. The first step is to construct Einstein metric by solving a modified Ernst equation for nonzero cosmological constant. Then, we modify the previous result by adding two additional functions to the metric to obtain a more general metric of constant scalar curvature which are not Einstein.
INTRODUCTION
The aim of this paper is to construct a special class of four dimensional axissymmetric stationary spacetimes of constant scalar curvature in the Boyer-Lindquist coordinates. First, we discuss the construction of Einstein spacetimes (or known to be Kerr-Einstein spacetimes) with nonzero cosmological constant by solving a modified Ernst equation for nonzero cosmological constant. In other words, we re-derive the Carter's result in [1] . Then, we proceed to construct the spaces of constant scalar curvature which are not Einstein by modifying the previous result, namely, we add two additional functions to the metric to have a more general form of the metric but it has the structure of polynomial, namely, it is a quartic polynomial.
The structure of the paper can be mentioned as follows. In section 2 we give a quick review on axissymmetric stationary spacetimes. Then, we begin our construction of Kerr-Einstein spacetimes in section 3. We discuss the construction of axissymmetric stationary spacetimes of constant scalar curvature in section 4.
Axissymmetric Stationary Spacetimes: A Quick Review
Suppose we have a metric in the general form
defined on a four dimensional spacetimes M 4 , where x µ parametrizes a local chart on M 4 and µ, ν = 0, ...., 3. Then, we simplify the case as follows. In a stationary axisymmetric spacetime, the time coordinate t and the azimuthal angle ϕ are considered to be x 0 and x 1 respectively. A stationary axisymmetric metric is invariant under simultaneous transformations t → −t and ϕ → −ϕ which yields
and moreover, all non-zero metric components depend only on x 2 ≡ r and x 3 ≡ θ. The latter condition implies g 23 = 0 and the metric (1) can be simplified into [2, 3] 
where (ν, ψ, ω, µ 2 , µ 3 ) ≡ (ν(r, θ), ψ(r, θ), ω(r, θ), µ 2 (r, θ), µ 3 (r, θ)). In the following we list the non-zero components of Christoffel symbol related to the metric (3):
, and the non-zero components of Ricci tensor:
Then, Ricci scalar can be obtained as
where we have defined
EINSTEIN SPACETIMES
In this section, we construct a class of axissymmetric spacetimes satisfying Einstein condition
with Λ is named cosmological constant, yielding the following coupled nonlinear equations: 
This class of solutions is called Kerr-(anti) de Sitter solutions.
The Functions µ 2 and µ 3
First of all, we simply take e µ2 as
where
r (r) and a is a constant related to the angular momentum of a black hole [3] . Next, we assume that the function e 2(µ3−µ2) and e 2β are separable as
θ (θ). Thus, (11) can be cast into the form
Employing the variable separation method, we then obtain
where c i i = 1, ..., 5, are real constant. To make a contact with [1] , one has to set c i to be
such that we have
The Functions (ω, ν, ψ) and Ernst Equation
To obtain the explicit form of (ω, ν, ψ), we have to transform (9) and (12) into a so called Ernst equation with nonzero Λ using (20). This can be structured as follows. First, we introduce a pair of functions (Φ, Ψ) via
where p ≡ cos θ. Then, (9) and (12) can be cast into
respectively. Defining a complex function Z ≡ Ψ + iΦ, (22) can be rewritten in Ernst form
Note that one could obtain another solution of (23), sayZ ≡Ψ + iΦ by a conjugate transformationΨ
In the latter basis, we find
After some computation, we conclude that [1] 
r a 2 sin 4 θ .
SPACETIMES OF CONSTANT RICCI SCALAR
In this section we extend the previous results to the case of spaces of constant Ricci scalar, namely
where k is a constant. To have an explicit solution, we simply replace ∆
r and ∆ 
Then, inserting these modified functions mentioned above to (28), we simply have
which gives
.
The solution of (31) is given by
where C i , i = 1, ..., 5, are real constant. It is worth mentioning some remarks as follows. First, the functions f (r) and g(θ) have the same structure as in (18), namely they are quartic polynomials with respect to r and cos θ, respectively. Second, the constant Λ here is no longer the cosmological constant. Finally, Einstein spacetimes can be obtained by setting k = 4Λ and C 3 = a 2 C 5 with other C i i=1, 2, 4, are free constants. Now we can state our main result as follows.
Theorem 1 Suppose we have an axissymmetric spacetime M 4 endowed with metric
where ∆ r and ∆ θ are given by (29). Then, there exist a familiy of spacetimes of constant scalar curvature with
where C i , i = 1, ..., 5, are real constant. The metric (33) becomes Einstein if k = 4Λ and
The norm of Riemann tensor for the case at hand in general has the form
which might have a negative value as observed in [4] for Kerr-Newman metric with k = 0. This is so because the spacetime metric is indefinite. The norm (36) shows that the spacetime has a real ring singularity at r = 0 and θ = π/2 with radius a. Generally, the metric described in Theorem 1 may not be related to Einstein general relativity since our method described above does not use the notion of energy-momentum tensor. To make a contact with general relativity, we could simply set some constants, for example, namely
with k = 4Λ where q and g are electric and magnetic charges, respectively. This setup gives the Kerr-Newman-Einstein metric describing a dyonic rotating black hole with nonzero cosmological constant [5] .
A SPACETIME CONVENTION
In this section we collect some spacetime quantities which are useful for the analysis in the paper.
Christoffel symbol: 
Ricci tensor:
Ricci scalar:
